Preprint typeset in JHEP style - HYPER VERSION 



hep-ph/0401185 
KUNS-1896 



A general formula of the effective potential in 5D SU{N) gauge theory 
on orbifold 



Naoyuki Haba 

Institute of Theoretical Physics, University of Tokushima, Tokushima 770-8502, Japan 

Toshifumi Yamashita 

Department of Physics, Kyoto University, Kyoto, 606-8502, Japan 



Abstract: We show a general formula of the one loop effective potential of the 5D SU{N) 
gauge theory compactified on an orbifold, S^/Z2. The formula shows the case when 
there are fundamental, (anti-)symmetric tensor and adjoint representational bulk fields. 
Our calculation method is also applicable when there are bulk fields belonging to higher 
dimensional representations. The supersymmetric version of the effective potential with 
Scherk-Schwarz breaking can be obtained straightforwardly. We also show some examples 
of effective potentials in SU{3), SU (5) and 5f7(6) models with various boundary conditions, 
which are reproduced by our general formula. 



Contents 





Introduction 


s 




The calculation method 


1 


i 


A simple example 


1 


i 


More general examples 





p3| Two VEVs with P = P' 


E 




4.2 Three VEVs with P = P' 


i 




4.3 One VEV with P ^ P' 


11 


i 


The general formula 


13 


i 


Summary and discussion 


18 



1. Introduction 

More and more people pay attention to gauge theories in higher dimensions. Especially 
the orbifold compactification of the extra dimensional spaces have been studied by many 
people[l, 2]. When the gauge fields spread in the higher dimensions, their extra dimensional 
components are regarded as scalar fields below the compactification scale. The zero mode 
of these scalar fields are physical degrees of freedom (d.o.f.), which are so-called Wilson 
line phases. One of the most interesting examples of using Wilson line d.o.f. for the model 
building is to regard them as Higgs fields in the 4D effective theory. This idea is so-called 
gauge-Higgs unification[3, 4, 5, 6, 7, 8, 9, 10, 11]. Here the "adjoint Higgs fields" can be 
induced through the compactification in 5D theory, while the "Higgs doublet fields" 
can be induced through the orbifold compactifications. Another example is considered in 
Refs.[12], where the gauge coupling unification is realized due to the effects of Wilson line 
d.o.f. in the non-super symmetric (SUSY) grand unified theory (GUT). 

We should notice that it is very important to calculate the one loop effective potential 
of the Wilson line d.o.f. in order to determine the vacuum. The tree level potential can not 
determine the vacuum due to the existence of flat directions of the Wilson line phases. The 
true vacuum can be determined through the analysis of the effective potential including 
the quantum corrections. For example, we can know whether the color is conserved or not 
through the analysis of the one loop effective potential. (For the analyses in 5D SU (5) 
GUT on S^/Z2, see Ref.[2].) We can also estimate the finite masses of the Wilson line 
d.o.f. through the 4D effective potential which include radiative corrections. In general the 
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Wilson line d.o.f. receive the quantum corrections, and obtain the finite masses of the order 
of the compactification scale. However, the quantitative estimation of the finite masses is 
not possible until we calculate the effective potential including the quantum corrections. 
Thus, in order to determine the vacuum and estimate finite masses of Wilson line d.o.f., 
the calculation of the one loop effective potential is strongly needed. (In SU (3) and SU (6) 
gauge-Higgs unification models, this kind of analysis had been done, and we found that 
the suitable electro-weak symmetry breaking can be realized dynamically[13].) 

In this paper we show a general formula of the one loop effective potential of the 5D 
SU{N) gauge theory compactified on an orbifold, jZ^- Although the formula only shows 
the case when there are fundamental, (anti-)symmetric tensor and adjoint representational 
bulk fields, our calculation method is also applicable when there are bulk fields belonging 
to higher dimensional representations. The SUSY version of the effective potential with 
Scherk-Schwarz (SS) breaking[14, 15, 16] can be obtained straightforwardly. We also show 
some examples of effective potentials in cases of one VEV with P = P' (section 3), two 
VEVs with P = P' (section 4.1), three VEVs with P = P' (section 4.2) and one VEV with 
P ^ P' (section 4.3), all of which are reproduced by our general formula. 



2. The calculation method 



In the D dimensional gauge theories, the gauge field. Am, has the indices of the 4D space- 
time, M =0-3, and extra dimensional directions, M = 5,6, ••• ,D. The components of 
the gauge field of extra dimensional coordinates appear as scalar fields in the 4D effective 
theory below the compactification scale. The zero mode components of these scalar fields, 
called Wilson line phases, are physical d.o.f., and the estimation of the quantum corrections 
of them is needed in order to determine the vacuum and finite masses. Here let us consider 
the 5D gauge theory for simplicity, and show the simple calculation method of evaluating 
the one loop effective potential of the zero mode of the 5th component of the 5D gauge 
field, A^. Since our calculation method only depends on the group theoretical analysis, it 
is available for more than 5 dimensional gauge theories. 

The effective potential at one loop level in a constant background gauge field, A^, can 
be obtained by calculating the eigenvalues of Dm(^5)^ — -^^(^s)^) where Dm{A^) is 
the covariant derivative and y denotes the 5th coordinate. The effective potential induced 
from the gauge and ghost, fermion and scalar are given by 

V^ff [^1^+^'^ = -{D - 2)^TVlnZ?Ml?''', (2.1) 
KfflAs]^™'^ = /(I?)^TrlnDA/D^, (2.2) 
V,^[A^r^'--^ = -2'-T,\nDMD^\ (2.3) 

respectively, where f{D) = 21^/^]. The difference of the gauge- and ghost-, fermion- and 
scalar-contributions to the effective potential are only coming from representations and 



coefficients (numbers of d.o.f.) in Eqs.(2.1)-(2.3). For an adjoint representational field, the 
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eigenvalues are obtained by diagonalizing the bilinear form, tr {BDy{A^)Dy{A^)B), where 
B is an adjoint representational field, as 



-tr iBDy{A5)Dy{A5)B) ~ tT{dyB + ig[A5,B])^. (2.4) 

Here, [^5,5] is also written as ad{A5)B. Once the vacuum expectation value (VEV) of 
A^ is determined as (^5) = aT"", the U{1) direction in the group space is fixed. The 
ad{T"') is the charge operator of this U{\) that is generated by T". Thus, all we have to 
know is the charges of this U{1) in order to calculate the eigenvalues in Eq.( |2.4| ). Also, 
for other representations, the eigenvalues of L'm(^5)^ = dfi ~ ^yi^b)^ can be calculated 
by their U{1) charges. We can calculate the effective potential in the simple way without 
carrying out complicated calculations of the commutation relations by use of the structure 
constants. In the following sections, we consider the 5D SU{N) gauge theory compactified 
on S^/Z2*. In sections 3 and 4, we show the effective potential in some models by use 
of our simple calculation method. Then in section 5, we show the general formula of the 
effective potential of 5D SU{N) gauge theory compactified on S^/Z2. 



3. A simple example 



At first, we illustrate this calculation method by use of a concrete simple example. Consider 
a SU{3) model compactified on /Z2. We adopt boundary condition as 



P = p' = diag(+,-,-), 



(3.1) 



which is analyzed in Ref.[7, 8, 17]. P {P') is the operator of Z2 transformation, y —y 
(ttR + y — > ttR — y)- R is the radius of the compactification scale. Under these parities. 



Afj_ and A^ transform as 
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(3.2) 



(3.3) 



which suggest SU{3) is broken to SU{2) x U{1). The Dirac fermion, ^, and complex scalar, 
4>, transform as 

(l)ix,-y) = 7]T[P](l){x,y) , cP{x,7rR - y) = 7]'T[P'](I){x,ttR + y), (3.4) 
^P{x,-y) = 7]T[P]-f'^ix,y) , ^{x,^R - y) = r^'T[P']-f'>^{x,^R + y) , (3.5) 

under the parity operators. T[P] denotes an appropriate representation matrix, for exam- 
ple, when -0 belongs to the fundamental or adjoint representation, T[P]ip means Pip or 

*This calculation method is also available in the case of 5D coordinate being compactified on S^fS]. 
However, the advantage of our calculation method in case is not large as that in /Z2 case. Thus, we 
consider only /Z2 case in this paper. 
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Pij^P^ respectively. The parameters, r/ and 77', are like intrinsic Parity eigenvalues, which 
take ±1. 

Equation (|3.3| ) suggests that there is the Wilson line d.o.f. as a doublet of remaining 
SU{2) gauge symmetry''". We can denote the VEV of them as 




(3.6) 



by utilizing the residual global symmetry. Here, g is the 5D gauge coupling constant. The 
important point is that the above VEV is proportional to one generator of SU{2)i^ that 
operates on the 2x2 submatrix of (1,1), (1,3), (3,1) and (3,3) components. Hereafter, 
we take the notation that SU(2)ij operates on the 2x2 submatrix of {i, i), (i, j), (j, i) and 
(j,j) components. 

Now let us calculate the effective potential of this SU{3) model induced from, for 
examples, an adjoint and a fundamental representational fields by using this calculation 
method. The adjoint representation of SU (3) is decomposed as 



8^3+1+2+2 

in the base of S'[/(2)i3. Thus, charges of the generator are given by 

(+1,-1,0, ,+1/2, -1/2, +1/2, -1/2), 



(3.7) 



(3.8) 



3 12 2 

since ad(^5) corresponds to the U{1) charge defined by the ti direction of the 5C/(2)i3. 
The eigenvalues of Dy{A^)'^ for an adjoint field B become 

^2 (n±a? . (n±a/2)2 



n 



2 X 



i?2 



(3.9) 



when the eigenfunctions are expanded as B (x cos sin This Kaluza-Klein (KK)[18] 
expansion applies to the gauge sector (gauge and ghost) and bulk fields sector with ijrj' = + 
in Eqs.(3.4) and (|3.5|), since their parity eigenvalues, {P,P'), are either (+,+) or (— , — ) in 
this model. Then, the effective potential from an adjoint representational field is given by 



adj(+) 



cS 



d^p 1 
(27r)4 2^ 



E 



In 



+ In 



o I n — a 
R 



+2 In 



n /n — a/2 



R 



C 
2" 



00 ^ 

— [cos(27rna) + 2cos(7rna)], 



(3.10) 



n=l 



where C = 3/(647r'^i?^). The 2nd equation is derived by the Wick rotation and omitting 
independent terms of the VEV, a[2, 7]. Equation (|3.10| ) shows the effective potential 

^In SUSY case, there appear two doublets as the Wilson line d.o.f.. 
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from one (fermionic) d.o.f. of the field, so that the true effective potential is obtained 
by producting coefficients as, [(fermionic d.o.f.) — (bosonic d.o.f.)] x Eq.( p.lOD . For 
examples, the gauge sector contribution is — 3x Eq.( |3.10| ), which correctly reproduces the 
result in Refs.[7, 13]. As for the contributions from bulk fields sector, a Dirac fermion 
and a complex scalar with rjr]' = +, are obtained by producting coefficients, 4 and —2, in 
Eg. ( 13.101 ), respectively. 

On the other hand, when the adjoint representational bulk fields have r/r/' = — in 



Eqs. (|3.4D and ( ^.Sj) , the eigenfunctions are expanded as i? oc cos j;/^^^ ^ sm ^ 

because their parity eigenvalues are {P, P') = (+, — ) or (—,+). These half KK expansions 
induce a sift of VEV {A^) as 



(n+l/2)y 



n 



R 




(3.11) 



where Q is the U{1) charge of definite representation of B. Then, in the case of the adjoint 
representation with r/r/' = — , the eigenvalues of 1)^(^5)^ become 



which induce 



v: 



adj{-) 



eff 




+ ln 



C 
2" 



00 ^ 

— [cos(27rn(a — 1)) + 2 cos( 



vrn a 



I))]- 



(3.13) 



n=l 



For other representations, the eigenvalues of the covariant derivative can be also eval- 
uated from charges of the same U{1). Let us consider the contribution from a fundamental 
representational field, for an example. The fundamental representation is decomposed as 



3^2 + 1 

in the base of S'[/(2)i3. Then, the U{1) charges corresponding to Eq. 

(+1/2,-1/2, 



1) are 



(3.14) 
(3.15) 



This means that a fundamental field B with r]r]' = + has eigenvalues of Dy[A5)'^ as 



(n ± a)2 

i?2 



n 



(3.16) 



Here eigenfunctions are expanded as -B oc cos sin since {P,P') = (+,+) or (—,—). 
Thus, the effective potential from the fundamental representational field is given by 



V:. 



fnd{+) 



eflf 



2 ^ 



cos vrna 



(3.17) 



n=l 
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In case of rjrj' = — , eigenfunctions are expanded as i? oc cos , sin ^""'"j/^^^ , since 

(P, P') = (+, — ) or (— , +). This suggests the eigenvalues of Dyi^A^)'^ become 

{n±a + l/2f (n + 1/2)2 

R ' R ' (^-^^^ 

which induces the effective potential, 



,fnd{-) _ C 



eflf 2 ^ n 

n=l 



C I 

T^;;5 (3-19) 



Now let us show the case when there are Na^^ (Nj^^) numbers of adjoint (fundamental) 
Dirac fermions and Ng^^ numbers of complex scalars of fundamental representation in 



the bulk. The index (it) denotes the eigenvalue of rjr]' . The discussion below Eq.( 3.1C| ) 



suggests the gauge sector induces the effective potential, — 3x Eq. (|3.10D . While bulk fields 



contributions are 47vi+^ x Eq.(|3loD, 47vi"^x Eq.(|3l3|), (4M+^ -2Nr'^)x Eq.(|3T^), and 



(4ivj ^ - 2ivi ^)x Eq.(|3T9|). It is because Eqs.(CT). dH), (HI), and (|1|) show the 



effective potential from one (fermionic) d.o.f. of the field, so that the true effective potential 
is obtained by producting coefficients, [(fermionic d.o.f.) — (bosonic d.o.f.)]. Thus, the total 
effective potential becomes 



1 3 

V^s = ^[( — + 2N^+h cos(27rna) + 2N^-^ cos(7rn(2a - 1)) 

^-^ 2 

n=l 

+ (-3 + 4iVi+) - iVi+) + 2iv|+^) cos(7rna) 

+ (4iVi~) - iVi") + 2N^f^) cos(^n(a - 1))], (3.20) 

which reproduces the results in Ref.[13]. This counting rule for the coefficients of the 
effective potential is applicable in general. Thus, we show the effective potential induced 
from one d.o.f. of each representational field in the following discussions. 

The SUSY version of the effective potential can be obtained straightforwardly, when 
SUSY breaking is induced by the SS mechanism^ . For the gauge and ghost contributions, 
the coefficient should be modified as — 3x Eq.( |3.10| ) — 4x Eq.( |3.10D , and the factor 
(1 — cos(27rn/?)) should be added in the r.h.s. summation in Eq.( 3.1C| ). They are coming 



from massive gaugino contributions. The /? parameterizes SS SUSY breaking, and 4D 
effective theory has the gaugino mass of order /3/i?[2]. As for the bulk fields, they are 
corresponding to the hypermultiplets of 4D J\f = 2 SUSY. Since one hypermultiplet has 
one Dirac fermion and two complex scalar d.o.f., and scalar components always have 
SUSY breaking masses, the SUSY effective potential is obtained by adding the factor 
(1 — cos(27rn/3)) in the summation n of the non-SUSY effective potential induced from 
the Dirac fermion contributions. By using this technique, we can obtain the effective 
potential in the SUSY version of this SU (3) model. Considering the situation that -^j^^ 

*In the case of other SUSY breaking, such as introducing explicit soft breaking masses[19], the calculation 
of the effective potential might be easily done in a similar manner. 
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and Na^^ species of hypermultiplets of fundamental and adjoint representations in the bulk, 
respectively, the effective potential becomes 

oo ^ 

Ves = 2C ^ — (1 - cos(27rn^)) x [{N^+^ - 1) cos(27rna) + N^'^ cos(7rn(2a - 1)) 

n=l ^ 

+ (2iVW + n(+) _ 2) cos(7rna) + (2iV^-) + iv}"^) cos(7rn(a - 1))], (3.21) 
which reproduces the result in Ref.[13]. 

4. More general examples 

In this section we show more complicated examples. We calculate the effective potential 
when there are non- vanishing two or three VEVs in (^5), and also the case oi P ^ P' . 

4.1 Two VEVs with P = P' 

Here we show an example of existing two VEVs with P = P' in the SU (5) GUT model[2]. 
This model has parities, 



P = p' = diag(l,l, 1,-1,-1), 
under which 4D gauge field transforms as 
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(4.2) 



This means that the gauge symmetry is reduced as SU{5) — > SU{3)c x SU{2)l x U{1)y- 
Since the signs of parities in each component of are completely opposite to those of 
as shown in Eqs.(^]^) and (|3.3| ), the zero modes exist in upper-right 3x2 and lower-left 2x3 
submatrices corresponding to (— ,— ) in Eq.( [4.2[ ). By using the residual global symmetry, 
the d.o.f. of Wilson line phases can be set two as 

/O a\ 
6 



(A) 



1 



2gR 




6 
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(4.3) 



In order to obtain the effective potential, it is important to know the eigenvalues of 
Dy{A^)'^ for the following two generators: 



/O l\ 
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They are generators (ri) of SU{2)i^ and SU{2)24, respectively. As in the section 3, let us 
see the decomposition of SU{5) into SU{2)i5 x SU{2)2i. 
The adjoint representation of SU{5) is decomposed as 

24 ^ (3, 1) + (1, 3) + 2 X (1, 1) + 2 X (2, 1) + 2 X (1, 2) + 2 X (2, 2). (4.4) 

This means the eigenvalues of Dy{A5)'^ for the adjoint field are 



n 



(n ± a)2 (n ± 6)^ 
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(4.5) 

for cos ^ and sin ^ modes. They can be also obtained by the U{1) charges, which are 
calculated by the commutation relations in the gauge where (A^) is diagonal, (^5) oc 
diag(a, b, 0, —b, —a). In this gauge, charge of each component is given by 



These eigenvalues suggest that the contribution from one d.o.f. of the adjoint representa- 
tional field becomes 
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C °° 1 

— ^ — g [cos(27rna) + cos(27rra6) + 2cos(7rna) + 2cos(7rn6) 

+2 cos(7rn(a + 6)) + 2 cos(7rn(a - 6))] . (4.6) 



2 ^ n 

n=l 



As for 5 and 10 representations with r/77' = +, the decompositions in terms of SU (2)15 x 
SU (2)24 are given as 



(1,1) + (2,1) + (1,2), 



and 



10 ^ 2x (1,1) + (2,1) + (1,2) + (2, 2). 

They mean that eigenvalues of Dy^A^"^ are 

^2 (n±a/2)2 (n± 6/2)2 
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(4.10) 
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respectively. Thus, the contributions from one d.o.f. of 5 and 10 with 7777' = + are given 

by 



V^^~^' = — — =■ [cosfTrna) + cosfvrnb)] 

n=l 



(4.11) 



C °° 1 

^eS^~^^ = — — [cos(7rna) + cos(7rn6) + cos(7rn(a + h)) + cos(7rn(a — b))] , (4.12) 



n=l 



respectively, which also reproduce the result in Ref.[2] correctly. 

Notice that the contribution from one d.o.f. with 7777' = — is easily obtained by 
Qa + Qb ^ Qa + + ^ in Eqs.( [4.6[ ), ( [4.11 ), and ( 4.12| ) as discussed in section 3. The 
results are given as 
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2 ^-^ nP 

n=l 



(4.13) 
(4.14) 



Kff ^"^ =2^-^ [cos(vrn(a - 1)) + cos(vrn(6 - 1)) 

n=l 

+ cos(7rri(a + 6 — 1)) + cos(7rn(a — 6 — 1))] . 
4.2 Three VEVs with P = P' 



(4.15) 



Next, we show the example of existing three VEVs with P = P' in the SU{6) GUT model. 
This model has the parities. 



P = P' = diag(l, 1,1, -1,-1,-1), 
under which 4D gauge field transforms 
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(4.17) 



This means that the gauge symmetry is reduced as SU{6) SU{3)c x SU{3)l x U{1). 
Since the signs of parities in each component of are completely opposite to those of A^, 
the zero modes exist in upper-right 3x3 and lower-left 3x3 submatrices corresponding to 
(— , — ) in Eq.( 4.17| ). By using the residual global symmetry, the d.o.f. of the Wilson line 
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phases can be set three as 
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(4.18) 



The effective potential can be calculated in a similar manner as in the section 4.1. The 
adjoint representation of SU{6) is decomposed as 



35 ^ (3,l,l) + (l,3,l) + (l,l,3) + 2x (1,1,1) 
+2 X (2,2,1) + 2 X (1,2,2) + 2 X (2,1,2), 



(4.19) 



in terms of SU{2)iq x SU {2)2^ x SU{2)^i. This leads the contribution from one d.o.f. of 
the adjoint representational field as 
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(4.20) 



As for a fundamental representational field with 'q-q' = +, the decomposition is given 
as following: 

6^ (2, 1,1) + (1,2,1) + (1,1, 2) 
This means the contribution from one d.o.f of the fundamental representational field with 
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n=l 



As for the contribution from fields with r/r/ = — , the effective potential is obtained by 
Qa + Q6 + Qc — > Qa + Qb + Qc+ ^ as discussed in section 3. They are shown as 

^^ad?(-) ^ _ ^ _ [cos(7rn(2a - 1)) + cos(7rn(26 - 1)) + cos(7rn(2c - 1)) 
2 1 ^ 

n=l 

+2 cos(7rn(a + 6 — 1)) + 2 cos(7rn(a — 6 — 1)) 
+2 cos(7rn(6 + c - 1)) + 2 cos(7rn(6 - c - 1)) 
+2 cos(7rn(c + o — 1)) + 2 cos(7rn(c — a — 1))] , 
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(4.23) 



n=l 



In section 4.1 and 4.2, we have shown the P = P' case, where only either (+, +) 
and (— ,— ) modes (in gauge sector and bulk fields sector with r/r/' = +), or (+, — ) and 
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(— , +) modes (in bulk fields sector with rjrj' = — ) exist in each representation. In section 
4.3, we will show an example of P ^ P' case, where all modes of (±,±) can exist in one 
representation. 

4.3 One VEV with P ^ P' 

Now let us show an example of existing one VEV with P ^ P' in the SU (6) GUT model [8, 
13]. This model has the parities, 



P = diag(l, 1,1, 1,-1,-1) 
P' = diag(l, -1,-1, -1,-1, 



■1), 



(4.24) 



under which 4D gauge field transforms 
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(4.25) 



This means that the gauge symmetry is reduced as SU{Q) — > SU{3)c x SU{2)l x U{1)y x 
U{1). Since the signs of parities in each component of are completely opposite to 
those of Afj_^ the zero modes exist in upper-right 1x2 and lower- left 2x1 submatrices 
corresponding to (— , — ) in Eq.( |4.25| ). This zero mode is regarded as a "Higgs doublet" in 
the gauge-Higgs unified models[8, 13]. By using the residual global symmetry, the d.o.f. of 
the Wilson line phase can be set just one as 



/O a\ 




2^ 

VaOOOOO/ 



(4.26) 



We can always take the gauge, in which this VEV becomes diagonal as {A^) oc 
diag(l, 0, 0, 0, 0, — 1). The U{\) charge, Q, for this direction and the eigenvalue of PP' 
are given by 



{Q,PP'){A^) 
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(4.27) 
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This means that the eigenvalues of Dy{A^) are 

n2 (n + 1/2)2 („±a)2 (n±a/2)2 (n± a/2 + 1/2)2 
11 X 6 X -5^ '-, 2 X 6 X '-^ — (4.28 

since the eigenfunctions are expanded as S oc cos sin ^ (cos *^""'"|/2)?/ ^ g^j^ ("+1/2);/ 
PP' = + {PP' = —). This case is apphcable for the gauge sector and bulk fields sector 
with r/r/' = +. Equation ( 4.28| ) suggests that the effective potential for one d.o.f. is given 

by 

C °° 1 

^adj(+) ^ [6cos(n7r(a - 1)) + 2cos(n7ra) + cos(2n7ra)] . (4.29) 

2 ^ — ' nP 

n=l 

We can also reach this conclusion via an analysis independent of matrix representation. 
The product of parities (Eq.( |4.24 )), 

PP' = diag(l, -1,-1, -1,1,1), (4.30) 

by which the gauge symmetry is reduced as SU{6) SU{3)c x SU{3)l x U{1), plays an 
important role. The adjoint representation is decomposed as 

35 ^ (8, 1, +) + (1, 8, +) + (1, 1, +) + (3, 3, -) + (3, 3, -) (4.31) 

in terms of {SU{3)c, SU{3)l, PP')- Since PP' = + for the Wilson line phases, these d.o.f. 
are proportional to some of the generators of the reduced symmetry. In particular, in this 
case, the VEV is proportional to one generator of SU{3)l- Then, a similar analysis as in 
section 3 leads the above effective potential. 

As for the case of r/r/' = — , the eigenvalues of Dy(A^)'^ in bulk fields sector become 

(n+ 1/2)2 2 (n±a+ 1/2)2 (n± a/2 +1/2)2 (n±a/2)2 , 

which lead the effective potential. 



1 



V;g^( > = - ^ — [6cos(n7ra) + 2cos(n7r(a - 1)) + cos(n7r(2a - 1))] . (4.33) 

n=l 

For a fundamental representational field with r]r]' = +, the U{1) charge and PP' are 
given by 

((1/2, +), (0, -), (0, -), (0, -), (0, +), (-1/2, 
This means that the eigenvalues are 

n2 (n+l/2)2 (n±a/2)2 



which derive the effective potential. 



.rfnd{+) _ C 



^^^[cos(n™))]. (4.35) 

n=l 
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On the other hand, a fundamental representational field with r]ri' = — has 

((1/2, -), (0, +), (0, +), (0, +), (0, -), (-1/2, -) f, 

which means the eigenvalues become 

(n + 1/2)2 ^2 (n± a/2 + 1/2)2 

Then the effective potential is given by 



fnd{-) _ C sr^ 1 



eff 



(4.36) 



(4.37) 



V — [cos(n7r(a - 1))] . 

n=l 

Above calculations reproduce the results in Ref.[13]. 
5. The general formula 



Now let us show the general formula of the effective potential in the 5D SU (N) gauge 
theory with the general boundary conditions. In general, the parity operators, P and P', 
are shown as 



P = diag(+,--- ,+,+,•■■ ,+,- 
P' = diag(+,--- ,+,-,••• ,-,+,••• ,+, 



? ; ? ' / ' 



(5.1) 



where = n_ + + n_ + n_. Under the parities, {P, P'), the gauge field, A^, transforms 
as 

nl nZ 
</(+,+) (+,-) (-,+) (-,-)\ 



n~ 



(+,-) (+,+) (-,-) (-,+) 
(-,+) (-,-) (+,+) (+,-) 
(-,-) (-,+) (+,-) (+,+) 



(5.2) 



which means that SU{N) is broken into SU{n\) x SU{nZ^) xSU{nt) x SU{nZ) x U{lf. 
Here, (+,— ) parts and (— ,+) parts have half KK-mode expansion. 

The d.o.f. of the Wilson line phases are reside in (— , — ) parts in Eq. (|5.2| ), which are 
shown as 

/ ea\ 



1 



2gR 



9;, 

ej; 
V©! / 



(5.3) 



The residual gauge freedom reduces the number of the d.o.f. of the Wilson line phases as 

min(n^, nl) + min(n^, nl). (5-4) 
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Hereafter, we denote mm{n~^,n_) and min(n^,nl) as A and B, respectively. For example, 
when ni < nZ, Oa can be transformed into following form. 



/oi ••• O-- - 0\ 
02 • • • • • • 

\0 ••• qaO ■■■ J 



(5.5) 



Similarly, when n,<nZ., @b can be transformed into following form. 



f bi ■■■ ••• 0\ 
62 • • • • • • 

yo ••• bB ■■■ J 



(5.6) 



Let us pick up two non-vanishing VEVs, e.g. ai and 02- In this case, it is useful to 
decompose SU{N) into SU{N - 4) x SU {2)i x SU {2)2, where SU{2)i is determined by 
the "position" of VEV, Oj, in the SU{N) base. The adjoint representation of SU{N) is 
decomposed as 



adj. = {adj., 1) + (1, 3) + (1, 1) + {fnd., 2) + (f^., 2) 

= [{adj., 1, 1) + (1, 3, 1) + (1, 1, 1) + {fnd., 2, 1) + (7^, 2, 1)] 
+[(1,1, 3)] + [(1,1,1)] 

+[{fnd., 1, 2) + (1, 2, 2)] + [(7^, 1, 2) + (1, 2, 2)]. (5.7) 



This suggests the non- vanishing eigenvalues of (Tj^jTg^) are 



(±1, 0), (0, ±1), 2 X ( ±i, ±i] , (iV - 4) X U^,o\ , (iV - 4) X (o, , (5.8) 



where is the 1st generator (ri) of SU{2)i. Furthermore, if these two VEVs reside in the 
same 9^, the components with eigenvalues (±5, ±^) exist in the part of {P, P') = (+, +) or 
(—,—), and therefore have integer KK-expansion. On the other hand, if these two VEVs 
reside in different 0j, such components exist in the part of {P,P') = (+, — ) or (—,+), 
and therefore have half KK-cxpansion. When we deal with more than two non-vanishing 
VEVs, above observation dealing with two VEVs case is useful. By taking combinations 
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of above decompositions, we obtain the following general effective potential,^ 

" A B 

cos(n7r(aj ± Oj)) + cos(n7r(6j ± 

_ « ,i 

+2 cos(n7r(aj it bj — 1)) 



71=1 



« 3 





— n_| ^ 


\n- 


-nil ( 



B 



in-Kiai 



1)) + cos(n7r6j 



(5.9) 



for one d.o.f. of an adjoint representational field. As discussed in section 3, the true 
effective potential is obtained by producting coefficients as, [(fermionic d.o.f.) — (bosonic 
d.o.f.)] X Eq. (|5.9|) . Especially, the gauge and ghost contributions are obtained by —3 x 
Eq.(P). 

As for the contribution from an adjoint representational field with 7]?]' = — , it is 
obtained by modifying Qai + Qbi Qai + Qhi + 1/2, as discussed in section 3. The result 
is 



n=l 
A B 



B 



cos(n7r(aj it aj — 1)) + cos(n7r(6j it bj — 1)) 
+2 cos(n7r(ai ± bj)) 

i j 

+2 \n\ — n_ I ^ cos(n7r(ai — 1)) + ^ cos(n7r6j) 

I A B Y 

^^cos(n7raj) + ^^cos(n7r(6j — 1)) 



+2 n I — n_ 



(5.10) 



rjr] 



Next, let us calculate the contribution from a fundamental representational field with 
= +. The parity of the fundamental representation of SU{N), {P, P'), is denoted as 



/(+'+)\ 

(+,-) 

(-,+) 
\i-,-)J n 



(5.11) 



^For A — Q, means zero. 
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The fundamental representation is decomposed as 



fnd. = (/nd.,l) + (l,2), 

= [(/nd., 1,1) + (1,2,1)] + (1,1, 2), 



(5.12) 



under the representations of SU {N — 4) x SU (2)i x SU (2)2. Taking account how the VEV 
(^5) acts on the fundamental representation, Eq.( ^.ll|) , we can calculate the contribution 
from a fundamental representational field with rjrj' = + as 



fnd{+) 



eff 



2 ^ iv> 

n=l 



cos(n7rai) + cos(n7r(6i — 1)) 



(5.13) 



and with r/r/' = — as 



fnd{-) 
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eff 



00 ^ 

Y — 



n=l 



^^cos(?7,7r(aj — 1)) + cos(re7rbi 



(5.14) 



For the (anti-)symmetric tensorial representation of SU{N), they are decomposed as 
H = (H,l) + (/nd.,2) + (l,l) 

= [(g,l,l) + (/nd., 2,1) + (1,1,1)] 

+ [(/nd., 1, 2) + (1, 2, 2)] + (1, 1, 1), (5.15) 
m = (m,l) + (/nd.,2) + (l,3) 

= [(m,l,l) + (/nd., 2,1) + (1,3,1)] 

+ [(/nd., 1, 2) + (1, 2, 2)] + (1, 1, 3), (5.16) 

in the base of SU{N—4:) x SU (2)i x SU {2)2. The half KK-modes are distributed in a similar 
way as in the adjoint representation case. The effective potential of the anti-symmetric 
tensor field with rjr}' = ± becomes^ 



{+) C 



eff 



00 ^ 
Y — 



n=l 
A B 



B 



cos(n7r(ai ± a^)) + cos(n7r(6j ± bj)) 

i>j i>j 

+ cos(n7r(aj ± bj — 1)) 

/A B \ 

I ^^cos(n7raj) + cos(n7r(6j — 1)) j 

/A _B ^ 

cos(n7r(aj — 1)) + cos(?7,7r6j) 



+ ?T- 



+ in 



(5.17) 



^For A = 0, 1, ^ represents zero. 

i>j 
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and 



H(-) C 

eff 



B 



C 1 \ 

"2 X] ^ X] cos(n7r(ai ± - 1)) + ^ cos(n7r(6i ± 6^ - 1)) 

n=l i>j i>j 

A B 

+ cos(n7r(aj ± 6j)) 

/A B \ 

+ |nl[l — I cos(n7r(aj — 1)) + cos(n7r6j) 



A 



+ n_i_ — n_ 



cos(n7rai) + cos(n7r(6i — 1)) 



(5.18) 



On the other hand, the effective potential of the symmetric tensor with r]r]' = it becomes 
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?i=i 

A 



+ ni — n 



cos(2n7raj) + cos(2n7r6j) 
+ cos(n7r(aj ± Oj)) + cos(n7r(6i ± 6^)) + cos(n7r(ai ± 6j — 1)) 

i>j i j 

'A B \ 

cos(n7raj) + cos(n7r(6j — 1)) 
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cos(n7r(aj — 1)) + cos(n7r6j) 



(5.19) 



and 



C 1 1 1 

K™^"^ = ^E;^ ^cos(2n7r(a.--)) + ^cos(2n7r(6,--)) 

?i=l Li i 
A B 

+ cos(n7r(aj ± Oj — 1)) + cos(n7r(6j it 6j — 1)) 
A B 

+ cos(n7r(ai ± 6j)) 

'A B \ 

cos(n7r(aj — 1)) + cos(n7r6j) 

V j i J 

^ A B N 

^^cos(n7raj) + ^^cos(n7r(6j — 1)) 





— n_ 1 ^ 
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-nil ( 



(5.20) 



As for the calculation of SUSY version, the effective potential can be obtained straight- 
forwardly as discussed in section 3. The gauge sector contributions are obtained by adding 
the coefficient, —4, and the factor, (1 — cos(27rn/?)), in the r.h.s. summation of Eq.(^.S|). 
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Here, the factor —4 denotes the number of the (bosonic) d.o.f. of massless modes and 
(1 — cos(27rn/3)) is due to the massive gaugino contributions possessing 0{(5/R) SUSY 
breaking masses. As for the bulk fields contributions, the effective potential of the SUSY 
version is obtained by adding the factor (1 — cos(27to/3)) in the summation n in the non- 
SUSY effective potential induced from the Dirac fermion of a representation. 

For the contributions from higher representations, we can calculate in the same way, 
since our method only uses the group theoretical analysis. 

6. Summary and discussion 

We show the general formula of the one loop effective potential of the 5D SU{N) gauge 
theory compactified on an orbifold, 5*^/^2. The formula shows the case when there are 
fundamental, (anti-)symmetric tensor, adjoint representational bulk fields. Our calculation 
method is also applicable when there are higher representational bulk fields. The SUSY 
version of the effective potential with SS breaking can be obtained straightforwardly. We 
have also shown some examples of effective potentials in cases of one VEV with P = P' 
in SUi?,), two VEVs with P = P' in SU{5), three VEVs with P = P' in SU{6) and one 
VEV with P 7^ P' in SU{6). All of which are reproduced by our general formula. 

We emphasize our method can be also applied to models with a gauge symmetry other 
than SU{N), such as 50(10) or Eq. It has been difficult to analyze the vacuum structure 
in those models, because of the hard task of calculating the complicated commutation rela- 
tions. However, our calculation method make it possible to analyze the vacuum structure 
even in those models. We expect novel models can be built through such researches. We 
will investigate this possibility in another paper. 

Acknowledgments 

T.Y. is supported by a Grant-in-Aid for the 21st Century COEhCenter for Diversity and 
Universality in Physicsh. This work was supported in part by Scientific Grants from the 
Ministry of Education and Science, Grant No. 14039207, Grant No. 14046208, Grant No. 
14740164 (N.H.). 

References 

[ 1 ] see for examples, 

Y. Kawamura, Prog. Thcor. Phys. 103 (2000), 613; ibid 105 (2001), 999; 
G. Altarelli and F. Feruglio, Phys. Lett. B 511 (2001), 257; 

L. J. Hall and Y. Nomura, Phys. Rev. D 64 (2001), 055003; ibid D 65 (2002), 125012; ibid 
D 66 (2002), 075004; 

A. Hebecker and J. March-RusscU, Nucl. Phys. B 625 (2002), 128; 

A. B. Kobakhidzc, Phys. Lett. B 514 (2001), 131; 

Y. Nomura, D. Smith and N. Weiner, Nucl. Phys. B 613 (2001), 147; 



-18- 



A. Hebcckcr and J. March-RusscU, Nucl. Phys. B 613 (2001), 3; 

R. Barbieri, L. J. Hall and Y. Nomura, Phys. Rev. D 66 (2002), 045025; Nucl. Phys. B 624 
(2002), 63; 

N. Haba, T. Kondo, Y. Shimizu, T. Suzuki and K. Ukai, Prog. Theor. Phys. 106 (2001), 
1247: 

Y. Nomura, Phys. Rev. D 65 (2002), 085036; 

R. Dermisek and A. Mali, Phys. Rev. D 65 (2002), 055002; 

T. Li, Nucl. Phys. B 619 (2001), 75; Phys. Lett. B 520 (2001), 377; 

T. Asaka, W. Buchmiillcr and L. Covi, Phys. Lett. B 523 (2001), 199; 

L. J. Hall, Y. Nomura, T. Okui and D. Smith, Phys. Rev. D 65 (2002), 035008; 

R. Barbieri, L. Hall, G. Marandella, Y. Nomura, T. Okui and S. Oliver, M. Papucci, Nucl. 

Phys. B 663 (2003), 141; 

L. J. Hall, J. March-RusscU, T. Okui and D. Smith, hcp-ph/0108161; 

N. Haba, Y. Shimizu, T. Suzuki and K. Ukai, Prog. Theor. Phys.107 (2002), 151; 

N. Haba, T. Kondo and Y. Shimizu, Phys. Lett. B 531 (2002) 245; ibid B 535 (2002) 271; 

N. Haba, Y. Hosotani and Y. Kawamura, hep-ph/0309088. 
[2] N. Haba, M. Harada, Y. Hosotani and Y. Kawamura, Nucl. Phys. B 657 (2003), 169. 
[3] C. A. Scrucca, M. Serone and L. Silvestrini, Nucl. Phys. B 669 (2003), 128. 
[4] N. S. Manton, Nucl. Phys. B 158, (1979), 141; 

D. B. Fairlie, J. Phys. G 5, (1979), L55; Phys. Lett. B 82, (1979), 97. 
[5] Y. Hosotani, Phys. Lett. B126 (1983), 309; Ann. of Phys. 190 (1989), 233; Phys. Lett. B 

129 (1984), 193; Phys. Rev. D 29 (1984), 731. 
[6] N. V. Krasnikov, Phys. Lett. B 273, (1991), 246; 

H. Hatanaka, T. Inami and C. S. Lim, Mod. Phys. Lett. A 13, (1998), 2601; 

G. R. DvaU, S. Randjbar-Daemi and R. Tabbash, Phys. Rev. D 65, (2002), 064021; 

N. Arkani-Hamed, A. G. Cohen and H. Georgi, Phys. Lett. B 513, (2001), 232; 

L Antoniadis, K. BenakH and M. Quiros, New J. Phys. 3, (2001), 20. 
[7] M. Kubo, C. S. Lim and H. Yamashita, Mod. Phys. Lett. A 17 (2002), 2249. 
[8] L. J. Hall, Y. Nomura and D. R. Smith, Nucl. Phys. B 639 (2002), 307; 

G. Burdman and Y. Nomura, Nucl. Phys. B 656 (2003), 3. 
[9] N. Haba and Y. Shimizu, Phys. Rev. D 67 (2003), 095001; 

I. Gogoladze, Y. Mimura and S. Nandi, Phys. Lett. B 560 (2003), 204; ibid B 562 (2003), 
307. 

[10] C. Csaki, C. Grojean and H. Murayama, Phys. Rev. D 67 (2003), 085012; 

C. Csaki, C. Grojean, H. Murayama, L. Pilo and J. Terning, hep-ph/0305237. 
[11] L Gogoladze, Y. Mimura, S. Nandi and K. Tobe, Phys. Lett. B 575 (2003), 66; 

K. Choi, N. Haba, K. S. Jeong, K. i. Okumura, Y. Shimizu and M. Yamaguchi, hep- 

ph/0312178. 

[12] Y. Kawamura, Prog. Theor. Phys. 105 (2001), 691; 

N. Haba, T. Kondo, Y. Shimizu, T. Suzuki and K. Ukai, Prog. Theor. Phys. 106 (2001), 
1247. 

[13] N. Haba, Y. Hosotani, Y. Kawamura and T. Yamashita, hep-ph/0401183; 

[14] J. Scherk and J. H. Schwarz, Phys. Lett. B 82 (1979), 60; Nucl. phys. B 153 (1979), 61; 
P. Fayet, Phys. Lett. B 159 (1985), 121; Nucl. phys. B 263 (1986), 649. 



- 19 - 



[15] I. Antoniadis, Phys. Lett. B 246 (1990), 377; 

I. Antoniadis, C. Munoz and M. Quiros, Nucl. Phys. B 397 (1993), 515; 
A. Pomarol and M. Quiros, Phys. Lett. B438 (1998) 255; 

I. Antoniadis, S. Dimopoulos, A. Pomarol and M. Quiros, Nucl. Phys. B 544 (1999), 503; 

A. Delgado, A. Pomarol and M. Quiros, Phys. Rev. D 60 (1999), 095008. 
[16] G.V. Gersdorff, M. Quiros and A. Riotto, Nucl. Phys. B 634 (2002), 90; 

G.V. Gersdorff and M. Quiros, Phys. Rev. D 65 (2002), 064016. 
[17] D. B. Kaplan, H. Georgi and S. Dimopoulos, Phys. Lett. B 136 (1984), 187; 

S. Dimopoulos and D. E. Kaplan, Phys. Lett. B 531 (2002), 127; 

L. J. Hall and Y. Nomura, Phys. Lett. B 532 (2002), 111. 
[18] Th. Kaluza, Sitzungsber, Preuss. Akad. Wiss. Berlin, Phys. Math. Klasse (1921) 966; 

O. Klein, Z. Phys. 37 (1926), 895. 
[19] K. Takenaga, Phys. Lett. B 570 (2003), 244. 



-20- 



